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Abstract: The lower incomplete Gamma function (A, x) is defined for A > 0
by

(A x) = /Ow e tdt
and more generally, the function v4(A, x) is defined for A > 0 by
Ys(A, ) = /093 t* e tn® tdt
for s =0,1,2,.... If A <0, the function 7,(\, x) is defined by
Ys(A,z) = N—lim xt’\*le*tlnstdt

e—0 €

for s =0,1,2,.... It is proved that

e (1)

0 p—

% ,x) s+1 s+ 1

for s =0,1,2,... and
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y(=rx) = Z w[’m(—i,x) — 2 % % In ]

r!
=1
(="
+ ! Y1 (O,CC)
for r = 1,2,.... Further results on the incomplete gamma function are also

proved.
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1. Introduction

The Gamma function, see for example Sneddon [4], is usually defined for A > 0
by the integral

I'(\) = / M et dt.
0

If A > 0, it follows that
PA+1)=A(N).

This equation is then used to define I'(A) for A < 0 and A # —1,-2,....
It follows by induction that if —n < A < —n 4+ 1 then

00 n—1 ( t)z
() = t**l{*t— — }dt.
*) /0 2
1=0
It was then proved in [3] that
I\ =N-lim [ ' In"te " dt (1)

e—0 €

for s =0,1,2,... and A # 0,—1,—2,.... where N is the neutrix, see van der
Corput [1], having domain N = {e : 0 < e < oo} with negligible functions
finite linear sums of the functions

)\1 s—1

e*In®" e, Infe: A<0, s=1,2,...

and all functions which converge to zero in the usual sense as € tends to zero.
It was proved that the neutrix limit in equation (1) existed for r,s = 0,1,2,....
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It was also proved in [3] that the neutrix limit in equation (1) also existed
for A =0,—1,-2,..., and this suggested that F(S)(—r) could be defined by

[e. 9]

I (—r) =N—lim [ ¢ " 'In®tetdt

e—0 €

forr,s =0,1,2,....
The upper incomplete Gamma function I'(\, z) is defined for A > 0 by

'\ x) :/ et dt
and more generally, the function I's(\, x) is defined for A > 0 by
s\, x) = / t* e tn® tdt

fors=0,1,2,....
The lower incomplete Gamma function (A, x) is defined for A > 0 by

'y()\,x):/ e tdt
0

and more generally, the function v4(A, z) is defined for A > 0 by

'ys()\,x):/ t* e tn® tdt
0

for s =0,1,2,.... In particular, we have
i z )\Jrz
1
P il( )\—I-z

If A <0, we define the function v5(A, z) by

x
s\, z) = N—=lim [ t* le~tIn®tdt (2)
e—0 €
for s = 0,1,2,.... The existence of the neutrix limit in equation (2) follows

from the existence of the neutrix limit in equation (1).
It follows that
&) =7\ 2) + (A, 2) (3)

for all A and s =0,1,2,....
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2. Main Results
In this section we will present our results.
Theorem 1.

T ()
s+1 s+ 1

'Ys(oax) = ’ (4)

for s =0,1,2,....
In particular, we have
(_1)zxz
!

Y%(0,2) = lnx—l—z
i=1

1 .. 1
7(0,z) = 56 In x+§'yg(1,x). (6)

Proof. We have
xT 1 xT
/ t'Inte tdt = / et din*tt
€ S + 1 €
e tIn*tly e €ln®tle

s+ 1 s+ 1

1 X
+ / In*tt et dt
s+1 J;

and so

x
vs(0,2) = N—lim [ t'In®te'dt

e—0 €
- +1
_ + ! /x It tet dt
S + 1 S + 1 0
e la  y(la)
s+1 s+ 1

9

proving equation (4) for s = 0,1,2,..., the function v,11(1, z) being defined in
the normal sense for s =0,1,2,....
When s = 0, we get

/t_le_t dt = /e_tdlnt

xX
= exlnx—eelne-i-/ Inte tdt
€
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and so
X
7(0,z) = N-lim [ t letdt
e—0 €
xX
= e "lnzx +/ Inte ! dt
0

= e lnx+71(17x)7 (7)

where

x
7n(l,z) = /lntetdt
0

= /lntd(l—e_t)
0
= (1—e_x)lnx—/ 711 — et dt
0

o o
_ (1)’
_ o x
= (1—e )lnx—kz o (8)
i=1
Equation (5) now follows from equations (7) and (8).
When r =1, we get
x 1 x
/ ttinte tdt = —/ e tdln?t
€ 2 €
1 1 1 [
= Qe_x In?z — 56_6 In? e + 5/5 e 'In?tdt
and so
71712_1 1 762_xft2
7m(0,z) = —e “In“zx N—lim|e “In“e e "In“tdt
2 2 =0 €
= l67‘”11121’—1—1 (1,x)
- 2 272 s L)y
the function 75(1,z) being defined in the normal sense. This proves equation
(6). 0
Corollary 2.
. o
(—1)Z$Z
r = —y—Inzx— 9
0.) = —y-ta- Y D o)
i=1
1
L1(0,2) = S[I"(1) = e " In’x = 9(1,2)], (10)

where v denotes the Euler’s constant.
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Proof. We have from (3) that
I'p(0,2) =T(0) — v0(0, x).

It was proved in [2] that
1‘\(5—}—1)(1)
) -\
(©0) s+1

for s =0,1,2,.... In particular

L) =T"(1) = -
and so equation (9) follows from equations (3), (5), (11) and (13).

Next, using equations (3), (6) and (12), we would have

Fl(ovx) = F/(O)_’Yl(ov‘r)
1

= §[F//(1) — e CIn*x — (1, 2)],
proving equation (10).
Theorem 3.
x"e” (=" 1
_ - _ — Ze(—r 41
70( Tax) r + ! 74’70( T+ ,11?),
forr=1,2,....
In particular,
o o
R (=1)a’
Y(-l,z)=—2""e¢"—1—Inz— ; T

Proof. We have

T 1 T
/t”etdt = ——/ e tdt"
€ r €

r r r
and so
X
Yo(—rz) = N—lim [ ¢t letdt
e—0 €
N Gl 1/OO et dt
T rr! rJo
x e (=17 1

(11)

(12)

(13)

(14)

(15)
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proving equation (14) for r =1,2,....
When r = 1, equation (14) gives

Y(—=1,z) = —x e 1 - (0, z)

and equation (15) follows on using equation (5). O

Corollary 4.

= (—1)ia?
To(—1,2) = et 41 ( : 16
o(—lL,x)=vy+az e —i—nx—i—; o (16)
Proof. Using equations (3) and (14), we have
FO(_lax) = T'(-1) —v(-1,2)
2 (—1)ia?
= -1 e 4141 (
+v4+z e "+ 1+ n:):—i-; o
since it was proved in [2] that
—1)
r(-r) = S0 (1)
for r =1,2,..., where ¢(r) = Y., 1/i. Equation (16) follows. O
Theorem 5.
~[(=1)" (=) =Dl le®
Yo(=r,z) = [(4,) _ )T ') ]
— | ir! 7!
—1)
+( r') Y0(0, ) (18)
o [T (=)= Dl e
B ir! r!
i=1
(=" -~ (=)'
R lnx+; il | (19)
forr=1,2,....
In particular,
0 _1i )
Y(-1,z) = =z te®—1-Inz— Z ( ”)' :1: (20)
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Proof. When r = 1, equation (18) reduces to

le=@ _ (0, z)

Yo(—1l,z) =—-1—2a"
and so equation (18) holds by equation (14).

Now suppose that equation (18) satisfies for some r. Then on using equation
(14) and the assumption, we have

x—r—le—ax (_1)r+1 1
—r—1 - _ _ _
Yo(=r —1,2) I R P Y )
B xfrflefx N (_1)r+1
B r+1 (r+1)(r+1)!

+i [(‘1>”<2‘—1))!ww (- }

P (r+1)! i(r+1)!
_1\r+1
+((7" :—) 1)! 70(0;)
r—+1 iy i
B (=) " — 1)z~ te " B (=1)"
N ;[ (r+1)! i(r—l—l)!}
_1\r+1
(.0

proving equation (18).
Equation (19) follows from equation (18) on using equation (5).

Equation (20) follows from equation (19) on putting r = 1. O

Corollary 6.

e ’Y—I—lnx—I—i(_.l)ixi ) (21)

forr=1,2,....
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Proof. Tt follows from equations (3) and (19) that

FO(_Tvx) - F(_T)_FYO(_TV’E)

= S-S
(1) (1) = Dl e
_Z[(m) (=D (T!) ]
(

o3 0]
(=) ’(2—1)':5 e
w‘ ]’

r!
on using equation (17). This completes the proof of the corollary.

T

.
Il

1)

fy—l—ln:):—l—z

Theorem 7.

: 1) —1)! ,
" Z Mo(—i,2) — 2~ "e " Ina]
=1
1
+( ) 71(0, z),
forr=1,2,....
In particular,
-1 _ -z 1 —T 1,2 1
n(=l,z) = —z ‘e lnx—§e In CC—E’)/Q(L.’E)
o o
—1 —x (—].)ZCCZ
—x e —1—ln:):—; o
Proof. We have
xT 1 T
/ "l intdt = ——/ e tlntdt™"
€ r €
r 1,
= ——z e "lnx+-¢ e “lne
r r

1 x
+= / (" le ! —t e Int) dt
r €

39
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and it follows that

xr
yi(=r,x) = N-lim [ t " letIntdt

e—0 €
1, 1 1

= ——z "e “lnz+ —yo(—r,x)— =71 (—r + 1, z). (24)
T T r

When r = 1, equation (22) reduces to
71(_1737) - _x—le—:v Inz + 70(_1737) - 71(0737)

and so equation (22) holds by equation (24).
Now suppose that equation (22) satisfies for some r. Then using equations
(24) and our assumption, we have

1
mn(=r—-1Lz) = e 1x77"7167x1nx+ I
1

_7“—1—1

= 1 " e Ing +
_|_

1
r+z Z _ .
Z (=1 L [Yo(—i,2) — 2z e “ Inx]
=1

Yo(—r —1,2)

(=7, 7)

1
170(—7” —1,2)

7“—1—1

_%'ﬂ(o )

(R AVES S DR BY ‘
= ( 1)(1” n 1()| 1! [Yo(—i,z) — 2 "¢ * Inx]
i=1
(_1)r+1
(r+1)!

and so equation (22) holds for r 4+ 1. Equation (22) now follows by induction.
Equation (23) follows on taking » = 1 in equation (22) and using equations

(6) and (15). O

+

’}’1(0,:6)

Corollary 8.

(1 1 1
-1,z = 2( ) +y+z e lnz + Qefx In®z + 572(1,@

+1n:c—|—z ”' : (25)
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Proof. Using equations (3) and (15), we have

ri(-1,z) = T'(-1)—y(-1,2)
(1 1
= #+'y—1+x_le_mlnx+§e_$ln2x
(_1)ixi

1!

1 -1 _—z =
—1—572(1,:5)—1—1’ e —|—1—|—lnx—|—;

since it was proved in [2] that

S

r-1)=>" G fl)!r(i“)(l) +sl(y —1)

for s =1,2,.... In particular

proving equation (25).

Theorem 9.

1 1
Y(ra) = =~ T I w =~y (—r + 1,2) + ~ (1 @),

forr,s =1,2,....

Proof. We have

X 1 X
/trletlnstdt = ——/ e tIn®tdt™"
€ r €
1 —-r _—XT S 1 —r _—€ S
= ——x "eTIn®x+ e "e “In’e
r T

1 xT
+- / (st_r_le_t n* 1t —¢t"etn® t) dt
r €

and it follows that

x
Ys(—=rz) = N—lim [ ¢t le 'In®tdt
e—0 €
| — s 1
= —_— 1 S _ (= _ _ 1’
—a e In x—i—r’ys 1(=r, ) Tfys( r+1,)

proving equation (26).

41

(26)
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Theorem 10.
S
s! i (=1)"s!
'Ys(_’I”,CC) :_gm [$ "e xlnz$+7i(_7“+1,$)] —I-W, (27)
forr,s =1,2,....
In particular,
s .
s! 4 —@pitl Yit1(1, x)
1) =N "2 eyt HD gl 28
(=Le) 2] [x ¢ Tt T it s (28)
fors=1,2,....
Proof. When s = 1, equation (27) reduces to
1 1 1
Nn(=r,r) = ——r e ——x e Inx — —’YO( r+1,z)
r r

(="

r2r!

1
_;71(_7” + 1756) +

and so equation (27) holds by equations (14) and (26) when s = 1 for r =
1,2,....

Now suppose that equation (27) satisfies for some s and r = 1,2,.... Then
using equation (26) and our assumption, we have

1

pi(-na) = —sa

s+ 1
+

1
e It — ;%H(—T +1,2)

~Ys(—1, T)

1 et lnerl

1
= x——’Ys+1( r+1,z)

s

s+ :
_Zz('r3+2 -z e xln’:c-f—%’(—?”—i—l,:c)}

(—1) (s+1)!
+ 7“5+2'r'
s+1 A
- Z 2'7“S+2 i _Te_w In* x4 5i(=r +1, x)]

LG+

rst2p

and so equation (27) holds for s+1 and r = 1,2,.... Equation (27) now follows
by induction.
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Equation (28) follows on taking r = 1 in equation (27) and using equation
(4). O
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